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ABSTRACT Low-cycle fatigue data of type 304 stainless steel obtained under axial-torsional loading

of variable amplitudes are analyzed using four multiaxial fatigue parameters: SWT, KBM,
FS and LKN. Rainflow cycle counting and Morrow’s plastic work interaction rule are
used to calculate fatigue damage. The performance of a fatigue model is dependent on the
fatigue parameter, the critical plane and the damage accumulation rule employed in the
model. The conservatism and non-conservatism of predicted lives are examined for some
combinations of these variables. A new critical plane called the weight function-critical
plane is introduced for variable amplitude loading. This approach is found to improve the

KBM-based life predictions.

Keywords

cycle counting; weight function-critical plane approach.

damage accumulation rule; irregular loading; multiaxial fatigue; rainflow

INTRODUCTION

Engineering components are often subjected to complex
multiaxial loading in which not only the amplitude of load-
ing changes with time but also the principal axes rotate.
There have been numerous researches under proportional
and non-proportional multiaxial loading of constant and
variable amplitudes. The works cited in the following re-
flect only a little fraction of the literature directly related.

Findley et 4l.! initially defined the critical plane as the
plane subjected to the largest cycle of shear strain for
high-cycle fatigue, and then the concept was applied in
low-cycle fatigue. Smith ez a/.> (SWT) proposed a fa-
tigue model for materials showing normal fracture. The
maximum normal strain plane was considered as the crit-
ical plane in the model. Wang and Brown® applied the
Kandil-Brown-Miller* (KBM) model to variable ampli-
tude tension—torsion loading with the maximum shear
strain range plane as the critical plane. Fatemi and Socie’
(FS) proposed a fatigue model for shear fracture materi-
als. The maximum shear strain plane was considered as
the critical plane and the normal stress on the plane was
used to replace the normal strain of the KBM model. So-
cieb proposed that the maximum shear or normal strain
plane as the critical plane depending on the material, load-
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ing mode and strain amplitude. Then Bannantine and
Socie’ employed a method where the maximum damage
plane is considered as the plane where life is evaluated.
The controversy with the critical plane approach based
on the maximum strain range is that while the observed
crack initiation plane is the critical plane, shear or nor-
mal, the maximum value of the fatigue parameter em-
ployed for life calculation is achieved on a different plane.®
Recently, energy approaches have been employed for fa-
tigue prediction under random loading. An energy model
accounting for normal and shear deformation for pre-
dicting fatigue lives under variable amplitude multiax-
ial loading was used by Lee et 4. (LKN) to predict
the fatigue lives of carbon steel (S45C), low alloy steel
(SNCM439, SNCM630) and type 304 stainless steel un-
der tension-torsion loading. The total hysteresis energy
was used by Tchankov!® as a fatigue parameter. Lagoda
et al 11713 proposed a normal strain energy criterion for
uniaxial random loading in which negative energy was
used for compression, and this model was also used in
biaxial random tension—compression high-cycle fatigue
regime. Lachowicz!* proposed a method of identification
and calculation of the damage by strain energy density
under cyclic random loading. The method consists of in-
tegration of the history of the instantaneous strain energy.
A probabilistic method!" and a weight-function method!®
were used to determine fatigue lives under random loading
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and fracture plane orientations in multiaxial high-cycle
fatigue of metals. Rainflow counting algorithms were de-
veloped for uniaxial fatigue and they were later modified
to use with multiaxial fatigue.!”~2° It is a common prac-
tice that a life computation procedure employs rainflow
cycle counting on an appropriate strain—stress history on
the critical plane and a linear damage rule (LDR). But
the deficiencies with the LDR are its load-level and load-
sequence independence, and lack of load-interaction ac-
countability. Thus, damage is often underestimated by the
LDR. Morrow’s plastic work interaction rule,?! which will
be implemented in this study, yields more conservative re-
sults than the LDR.

In this paper, three fatigue parameters are employed for
correlating low-cycle fatigue data under variable ampli-
tude multiaxial loading, i.e. SWT, KBM and FS. A life
computation procedure is employed in which rainflow cy-
cle counting on a suitable plane for the fatigue parame-
ter and Morrow’s plastic work interaction rule are used
to calculate the damage. Considering loading history-
dependent nature of the critical plane under variable am-
plitude multiaxial loading, a new concept of the critical
plane is attempted by applying a weight function on the
strain range-based critical plane. The consequences will
be examined.

MULTIAXIAL FATIGUE CRITERIA

The multiaxial fatigue criteria employed in this paper are
given as follows:

1 The SWT model?

2
B g = T QN + ofef2N) 1)
2 The KBM model*
In this study, a shear strain-normal strain parameter was
employed, which was introduced by Kandil et #/.* and re-
cently applied to variable amplitude loading by Wang and

curve.

Brown.>17:18
A [ —
7’/ et =[l4v+(1—oyZ E"O(sz)b
+ (1.5 + 0.55)e/2 Np)°, 2

where Ay is the maximum shear strain range, & is the
normal strain excursion on the plane where the maximum
shear strain range occurs. s is the material constant that
can be determined by uniaxial and torsional tests. For type
304 stainless steel used for evaluation in this study, s = 1.2.
The relationship between the KBM parameter and fatigue
life is given in Fig. 1.
3 The FS model®

A max é‘ﬂax T/ D) / C
e (1450 ) - TenborreNe. O

o .

where Ay, is the maximum shear strain range, ol is

the maximum normal stress on the plane of Ay, oy is
the yield strength and & is a constant determined experi-
mentally from axial and torsional fatigue data® in a similar
manner as s for the KBM parameter, and # = 0.85 for the
current material.

In the above equations, o((t}),e{(y),b(bo) and c(co) are
fatigue properties in Coffin-Manson equation from uni-
axial (torsional) tests. The fatigue properties from fatigue
curves are given in Table 1. E is the elastic modulus, G
is the shear modulus, o0 is the mean normal stress, ¥ is
the normal strain excursion, o is the yield stress of mate-
rial, Ao, and A7, are the normal and shear stress ranges,
respectively, on the critical plane.

EXPERIMENTS

The material used in this investigation is type 304 stainless
steel. The fatigue data have been previously reported.®? A
brief outline of the experiment s given here for continuity.
The specimen had a tubular geometry with an outer di-
ameter of 12.5 mm and an inner diameter of 10 mm at the
gage section. The material had the following properties:
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Table 1 Fatigue properties of the material
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Uniaxial properties

Torsional properties

Fatigue strength coefficient, o (MPa) 845
Fatigue strength exponent, » —0.0518
Fatigue ductility coefficient, ef  0.23
Fatigue ductility exponent, ¢ —0.416

Shear fatigue strength coefficient, t’r(MPa) 831
Shear fatigue strength exponent, by —0.1003
Shear fatigue ductility coefficient, y'y  0.1402
Shear fatigue ductility exponent, ¢ —0.339

elastic modulus 171 GPa, yield stress 405 MPa, ulti-
mate tensile strength 754 MPa, shear modulus 66 GPa,
and Poisson’s ratio 0.3. Fatigue tests were conducted on
an MTS tension—torsion machine under strain control
through a biaxial extensometer mounted on the outside
of the specimen gage section. The experiments were con-
ducted at room temperature. Failure was defined as a drop
of 10% in axial loading for axial tests and axial-torsional
tests from stable values, and a drop of 10% in torque for
torsion tests. The loading paths are shown in Table 2. The
number followed acronym of the loading path is speci-
men number. The numerical values of strain history in
one loading block and the experimental results are given
in the previous works.??

RESULTS AND DISCUSSION

Morrow’s plastic work interaction rule will be used in this
study for damage accumulation.?! It can be written as

mi o\ NN
Dl_zvi<0'm> ’ D_ZDl_ZM<Gm> O
where o, is the maximum stress amplitude in the stress
history considered, #; is the number of stress peak at level
oi, N is the number of cycles to failure at stress amplitude
oi, and d is Morrow’s plastic work interaction exponent.
The exponent can be interpreted as the material’s sensi-
tivity to the variable-amplitude stress history. The nonlin-
ear damage rule reduces to the LDR if the exponent d is
chosen to be zero. It is interesting to note that Morrow’s
plastic work interaction damage rule has exactly the same
form as the Corten-Dorlan cumulative damage theory??
although they were derived from different perspectives
and based on different assumptions. For the current ma-
terial, d = —0.5 is suitable.

Three fatigue models previously defined (SWT, KBM
and FS) are used in conjunction with rainflow cycle count-
ing on the shear strain history for KBM and FS model, and
the normal strain history for SWT model. Morrow’s plas-
tic work interaction rule was employed for damage com-
putation. The stress and strain are calculated for planes
with angle 0° < 6 < 180° from the axis of the specimen
with anincrementof 1°. The critical plane is the maximum

normal strain plane for the SWT parameter, and the max-
imum shear strain plane for the KBM and FS models.

Previous researches®? showed that this material showed
a mixed cyclic hardening and softening behaviour both
in axial and torsional tests. Softening occurred at smaller
strain amplitudes and hardening occurred at larger strain
amplitudes. At small amplitudes in torsion, the material
showed slight hardening after initial softening, the overall
effect being softening. Additional hardening in 90° out-
of-phase loading was observed.

The prediction results of all models are shown in
Figs 2—4. The solid lines in these figures represent perfect
correlation and the dotted lines are for the factor-2 band.
It is seen that the non-conservative prediction results are
obtained by the SWT model, especially for TV, AAT and
TnA loading paths. The previous research® demonstrated
that under axial loading the present material fails in nor-
mal mode, whereas under torsion it showed shear fracture
in the low-cycle regime and normal fracture in the high-
cycle regime. For TV specimens, the crack propagated in
shear mode and therefore it is not surprising that the per-
formance of this model is relatively poor. For AAT spec-
imen, the level of input shear strain is much larger than
that of axial strain. The results of analysis indicate that
the non-conservatism of predicted lives is related to the
influence of shear strain. The SWT model considers the
effect of normal strain and stress only, and the shear strain
and stress does not play a role. The KBM model gives
better predictions than the SWT model though the non-
conservative trend for partial TnA and AV specimens still
exists. The predictions for TV specimens were improved
by this model. The parameter in this model is given by
the shear strain and normal strain on the maximum shear
strain plane, so it will give better life prediction for the path
where shear strain is much larger than axial strain. The life
predictions for the FS model are better than two previous
models. The normal stress is used instead of normal strain
in this model, and the effect of additional hardening under
irregular loading path is treated better.

In Figs 5 and 6, the maximum damage plane was consid-
ered as the critical plane and the KBM and FS models were
used for fatigue life prediction. In Figs 3 and 4 the maxi-
mum shear strain range (Ay m,) plane was considered as
critical plane, and in Figs 5 and 6 the maximum damage
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Table 2 Strain paths for variable amplitude/irregular loading tests
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Fig. 3 Fatigue life prediction based on the KBM parameter.

(Dmax) plane was considered as critical plane. The plane
where D,y is attained in analysis was different from the
Ay max plane in all test conditions. The damage parameters
were different due to the different critical plane and the
different lives were gained. On the whole, the maximum
damage plane approach is more conservative than that
of the maximum shear strain range plane. By comparing
Fig. 5 with Fig. 3, and Fig. 6 with Fig. 4, it is found that
the results of the KBM model are improved and that the

Predicted life

Predicted life
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Fig. 5 Fatigue life prediction based on the KBM parameter on the
maximum damage plane.

data points in the FS model are shifted to the conservative
side slightly.

THE WEIGHT FUNCTION-CRITICAL
PLANE APPROACH

The states of stress and strain under fatigue loading are
generally time varying, and they may be complex multi-

axial states. A plane may experience maximum damage at
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maximum damage plane.

some time points, but another plane may sustain greater
overall damage, though diffused over time. Because of ir-
regularity of the loading path and amplitude under ran-
dom multiaxial loading, itis expedient to average the dam-
age over a period of time. The expected maximum shear
strain plane under multiaxial random loading are theo-
retically obtained by averaging the instantaneous values
of the maximum shear strain plane through some suit-
able functions which are assumed to take into account the
main factors influencing fatigue behaviours. The averag-
ing could be performed, for example, by using an appro-
priate weight function method that takes into account the
shear strain on the instantaneous maximum shear strain
plane.

The stress and strain on all planes are calculated for an-
gles 0° < 6 < 180° from the axis of the specimen with an
increment of 1°. The shear strain and normal strain on
arbitrary planes change with the angle 6 and time. The
variation is shown in Fig. 7 for the R03 path as an ex-
ample. It is seen that the variation is significant and that
there are several shear strain peaks. This instantaneous
nature of the critical plane should be considered when the
critical plane for the whole spectrum is sought. A new crit-
ical plane is defined by applying a weight function on the
instantaneous critical plane.

For materials showing shear fracture, the weight func-
tion in this study is defined by

6 = %VZ 0w (t), (6)

i=1

o

0.005 -

Shear strain
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0.
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Mammal strain

Time(s) R0

(b)

Fig. 7 Variation of shear strain and normal strain with orientation
(RO3 path); (a) shear strain, (b) normal strain.

where 6 (¢;) is the maximum shear strain plane at an arbi-
trary time #;,w(t;) is the weight for 0 (¢;) and it is related
to the maximum shear strain as

wie) = LT ™
Ymax — Ymin

where ¥ min and ymax are the minimum and maximum
shear strain in the loading block, y is the shear strain
at time #;, W is the sum of w(¢;) over the time period of
the loading block. The plane 8 is considered as the critical
plane, and the fatigue damage is evaluated on this critical
plane to predict life.

The difference between the maximum shear strain plane
and the weight function-based critical plane depends on
the loading path. The difference may be large for some
loading paths but others may show no difference. Vari-
ations in weight function and the maximum shear strain
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Fig. 9 Variation of the weight function and the maximum shear
strain plane with time for T4a101 specimen.

plane with time for loading paths R03 and T4A101 are
shown in Figs 8 and 9, respectively. It is found that for the
two loading paths, the variation is fairly large. So it is nec-
essary to consider the weight function for these loading
paths. For TV02 specimen shown in Fig. 10, the weight
function changes much with time but the maximum shear
strain plane remains unchanged. In this case, the weight
function approach is not needed. It may be said that the
weight function approach is unnecessary for proportional
loading paths.

The weight function-critical plane approach has been
used with the KBM fatigue parameter and the results
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Fig. 11 Fatigue life prediction based on the weight
function-critical plane method.

are shown in Fig. 11. It is found the correlations are
good. The prediction results are non-conservative for
the AV loading path. This approach improves the pre-
diction results for TnA loading paths; compared with
Fig. 3.

For a statistical evaluation of the damage predic-
tion methods, the following three items — (error crite-
rion, mean value and the coefficient of variance) were
considered?’:
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Ef = The number of data points falling in the range
0.5 < Nesti/Niese < 2 divided by The number of
total data points,
Epean = 1 — |1 — Mean|,

A

where Mean is the arithmetic mean of the radio
N esti/ N tese- N esri means the prediction life by the different
models and N s means the test result.

Ecy =1-—|CV]

where CV is the coefficient of variance given by the ratio
between standard deviation and mean.

E¢ is the error criterion that is most frequently used to
evaluate the estimation method. The error criterion eval-
uates the accuracy of estimation in terms of the fraction
of data falling within a scatter band of a specified factor 2.
The closer the value of E¢ is to 1, the better the estima-
tion is. The mean value of data was additionally employed
because the error criterion Ef cannot evaluate accurately
the deviation of data value from the ideal value of N/
Niest = 1. The Mean can be used to judge whether the
method is conservative (Mean < 1) or non-conservative
(Mean > 1). The coefficient of variance and Ecy are mea-
sures of normalized scatter.

Assuming for convenience that the three statistical values
are equally important, the evaluation of the performance
of individual methods was carried out using the mean of
E values defined above, i.e.

E = (B¢ + Emean + Ecv)/3 8)

Another factor E, which is a measure of scatter, is given

by

_ 1 &
E = Z ; |E7’7‘1|, Err = log(]\]cstl/z\]tcst) (9)
Table 3 shows a comparison of damage calculation meth-
ods in terms of statistical values described above. The
closer the value of Ecy and E is to 1, the better the es-
timation is. The smaller the value of E is, the better the
estimation is. If F is larger than 1, the predictions will

Table 3 Comparison of different parameters in terms of statistical
values

Damage parameter E¢ (%) Ecv E(%) E
SWT 59.5 0.85 323 1.35
KBM 75.7 0.91 17.5 1.03
ES 78.4 0.88 20.5 0.97
KBM_max 68.1 0.94 21.1 1.08
FS_max 81.1 0.89 20.9 0.92
KBM_wt 86.5 0.92 15.5 1.002

be overall non-conservative. Otherwise the predictions
are conservative. The bold-faced numbers in the table are
for the model with best performance for each statistical
variable.

The SWT parameter based on the maximum normal
strain plane gives non-conservative results. The KBM pa-
rameter based on the maximum damage plane also gives
non-conservative predictions. The KBM parameter based
on the weight function-critical plane gives better predic-
tions according to E¢. For Ecy, the KBM parameter based
on the maximum damage plane gives better results but
on the whole the predictions are more non-conservative.
The values of E say that the KBM parameter based on the
weight function-critical plane provides better results and
that the SW'T parameter gives poorer predictions.

The prediction capability of the different fatigue param-
eters varies depending on the statistical value being con-
sidered. Thus, it has some merit to consider the combined
influence of different statistical values. The KBM parame-
ter based on the weight function-critical plane gives better
predictions in view of E compared with other KBM-based
approaches.

CONCLUSIONS

Three damage models (SWT, KBM, FS) are employed
for correlating low-cycle fatigue data of type 304 stain-
less steel under variable amplitude multiaxial loading. A
life computation procedure is employed in which rain-
flow counting on an appropriate plane for each model
and Morrow’s plastic work interaction rule are used to
calculate the damage. The prediction results show that
the SWT model gives non-conservative results for torsion
and torsion-dominant loading paths. The KBM model
gives better results for these loading paths than the SWT
model but non-conservative for part of torsion-dominant
loading paths. The FS model gives better results than the
KBM model. The approach where the maximum dam-
age plane is considered as the critical plane is found non-
conservative for the KBM model. The FS model gave
good correlation — slightly more conservative than the
maximum shear strain plane approach. The weight func-
tion — critical plane approach was tried with the KBM
model and Morrow’s damage rule. It improved the results
based on the other critical planes for the same parameter,
and the results appear to be good.
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